ALGEBRAIC KASPAROV K-THEORY. II 



GRIGORY GARKUSHA 



Abstract. A kind of motivic stable homotopy theory of algebras is developed. Ex- 
plicit fibrant replacements for the S^-spectrum and (S 1 , G)-bispectrum of an alge- 
bra are constructed. As an application, unstable, Morita stable and stable univer- 
sal bivariant theories are recovered. These are shown to be embedded by means of 
contravariant equivalences as full triangulated subcategories of compact generators of 
some compactly generated triangulated categories. Another application is to introduce 
and study the symmetric monoidal compactly generated triangulated category of K- 
motives. It is established that the triangulated category kk of Cortinas-Thom [3] can 
be identified with 7f-motives of algebras. It is proved that the triangulated category 
of iiT-motives is a localization of the triangulated category of (S 1 , G)-bispectra. Also, 
explicit fibrant (S 1 , G)-bispectra representing stable algebraic Kasparov Tf-theory and 
algebraic homotopy 7f-theory are constructed. 



Contents 

1 . Introduction 2 

2. Preliminaries 5 

2.1. Algebraic homotopy 5 

2.2. Categories of fibrant objects 7 

2.3. The triangulated category D($i, 7 

3. Homotopy theory of algebras 9 

3.1. Bousfield localization [G 

3.2. The categories of pointed simplicial functors t/,5i 1C 

3.3. The model categories U»3ti, C/,K j, C/,K/ i j 11 

3.4. Monoidal structure on £7,3? 12 

4. Unstable algebraic Kasparov K-theory 13 

5. Morita stable algebraic Kasparov K-theory 18 

6. Stable algebraic Kasparov K-theory 21 

7. i'T-motives of algebras 23 

8. The G-stable theory 25 

9. K- motives and (S , G)-bispectra 29 
References 32 



2010 Mathematics Subject Classification. 19K35, 19D25, 19D50, 55P99. 

Key words and phrases. Bivariant algebraic K-theory, homotopy theory of algebras, triangulated 
categories. 



1. Introduction 



A -homotopy theory is a homotopy theory of motivic spaces, where each smooth 
algebraic variety X € Sm/F is regarded as the motivic space Hom 5m y F (- , X) (see [22j 

k [t] -homotopy theory is a homotopy theory of simplicial functors defined on algebras, 
where each algebra A is regarded as the space rA = HomAi gfc (^4, — ), so that we can 
study algebras from a homotopy theoretic viewpoint (see [9l [TT] ) . Many of basic ideas 
and techniques in this subject originate in A 1 -homotopy theory. Another source of ideas 
for k[t] -homotopy theory comes from Kasparov X-theory of C*-algebras. 

In 9J a kind of unstable motivic homotopy theory of algebras was developed. In order 
to develop stable motivic homotopy theory of algebras and - what is most important - 
make explicit computations presented in this paper, one first needs to introduce and 
study "unstable, Morita stable and stable Kasparov i<C-theory spectra" K" ns '(A, B), 
W nor (A,B) and ¥L st (A, B) respectively, where A, B are two algebras. We refer the 
reader to [11] for properties of the spectra. This paper is to develop stable motivic 
homotopy theory of algebras. 

Throughout we work with a reasonable category of algebras K and the category £/,3fJ 
of some pointed simplicial functors on K. U 9 ?ft comes equipped with a motivic model 
structure. We write Sp($t) to denote its category of S^-spectra. lC uns '(^4, B), K mor (A, B) 
and K S '(A, B) are examples of fibrant O-spectra in Sp(JR) (see |llj). 

One of the main results of the paper computes a fibrant replacement of the suspension 
spectrum Y^°°rA of an algebra A. 

Theorem. Given an algebra A € 5ft, there is a natural weak equivalence of spectra 

S°°r^ — > K unst (A, -) 

in Sp(3t). 

Let SH s i($t) denote the homotopy category of Sp(JSt). It is a compactly generated 
triangulated category with compact generators {£°°r.A[n]}>i G sft iTie z- One of the conse- 
quences of the theorem says that there is an isomorphism of abelian groups 

SHsi^CE^rBlnl^rA) 9* Kl nst {A,B), A,B G K,n € Z. 

Another consequence of the theorem states that the full subcategory S of SHgi(?R.) 
spanned by the compact generators {S°°r^4[n]}Ae5i,ngz is triangulated and there is a 
contravariant equivalence of triangulated categories 

where j : K — > D(M,$) is the universal unstable excisive homotopy invariant homology 
theory in the sense of [10]. Thus D($l,$) is recovered from SH s i(lR). 
If we localize SH s i(?R.) with respect to the family of compact objects 

{cone(S°°r(M n ^) -> S°°rA)} n>0 

we shall get a compactly generated triangulated category 5ff™ 1 or (K) with compact gen- 
erators {'E 00 rA[n]}A^,n&z- It is in fact the homotopy category of a model category 
SpmorQR)- We construct in a similar way a compactly generated triangulated category 
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SH^QR), obtained from SHgi(JR) by localization with respect to the family of compact 
objects 

{cone(S 00 r(M 00 A) -> S°°rA)}, 
where M^A = L) n M n A. It is as well the homotopy category of a model category 

Theorem. Given an algebra A G 5ft, there are a natural weak equivalences of spectra 

Z°°rA —> K mor (A,-) 

and 

Z°°rA — ► 
in Sp mor .(5ft) and 5poo(5ft) respectively. 

As above the preceding theorem implies that for all A, B £ 3? and n € Z there are 
isomorphisms of abelian groups 

S#™r(5ft)(£°°r£[n], S°°rA) K™ or (A B) 

and 

5fl|S(»)(S°°rB[n], S°°rA) K£f(A, B) 

respectively. 

Another consequence of the theorem states that the full subcateg ories S mor and <Soo 
of SH^[ or (R) and SH^QSV) spanned by the compact generators {E°°r.A[n]}Ae9l,neZ are 
triangulated and there are contravariant equivalence of triangulated categories 

B m or (5ft, -$) ^ S mor 

and 

Art Oft, 30 ^^oo. 

Here j : 5ft — > D mor (Jft,$) (respectively j : 5ft — > D st ($l, S - )) is the universal Morita stable 
(respectively stable) excisive homotopy invariant homology theory in the sense of |10| . 
Thus D mor (5ft, $) and L> s4 (5ft, #) are recovered from STJgT (5ft) and (5ft) respectively. 

We next introduce the symmetric monoidal compactly generated triangulated cate- 
gory of K-motives DK(JR) together with a canonical contravariant functor 

Mk ■ 5ft -» £>K(5ft). 

The category DK(JR) is an analog of the triangulated category of .fT-motives for algebraic 
varieties introduced in |12j . 

For any algebra A G 5ft its if-motive is, by definition, the object Mk(A) of DK(JR). 
We have that 

M K (A) ® M K (B) = M K {A® B) 
for all A, B E 5ft. We also have the following 

Theorem. For any two algebras A,B £ 5ft and any integer n one has a natural isomor- 
phism 

DK($t)(M K (B)[n],M K (A)) ^K^(A,B). 
If T is the full subcategory of DK(?R.) spanned by K-motives of algebras {M^iA)}^^ 
then T is triangulated and there is an equivalence of triangulated categories 

^(5ft,^)^r op 

sending an algebra A € 5ft to its K -motive Mk{A). 
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We also prove that for any algebra A 6 5ft and any integer n one has a natural 
isomorphism 

DKQR)(M K (A)[n],M K (k)) ^ KH n (A), 

where the right hand side is the n-th homotopy i^-theory group in the sense of Weibel [25] . 
This result is a reminiscence of a similar result for if-motives of algebraic varieties in 
the sense of [12] identifying the .fT-motive of the point with algebraic K-theory. 

In [3] Cortihas-Thom constructed a universal excisive homotopy invariant and Moo- 
invariant homology theory on all /c-algebras 

3 '■ A1 Sfc ~> kk - 

The triangulated category kk is an analog of Cuntz's triangulated category kk lca whose 
objects are the locally convex algebras [HEIE]. 

If we denote by kk(?R.) the full subcategory of kk spanned by the objects from and 
assume that the cone ring Tk in the sense of [20J is in K then we show that there is a 
natural triangulated equivalence 

kk{$t) ^ T op 

sending A € to its if-motive Mk(A). Thus we can identify kk{^k) with /f-motives 

of algebras. 

One of the equivalent approaches to the motivic stable homotopy theory in the sense 
of Morel- Voevodsky [22] is the theory of (S 1 , G m )-bispectra. The role of G m in our 
context plays the representable functor G := r(a), where a = (t — l)k[t ]. We develop 
the motivic theory of (S l , G)-bispectra. As usual they form a model category which we 
denote by Sp&(3t). We construct an explicit fibrant (S , G)-bispectrum 0g 3 KG(^4, — ), 
obtained from fibrant S 1 -spectra K. unst (a n A, —), n ^ 0, by stabilization in u-direction. 

The main computational result for bispectra says that Bg > lCG(A, — ) is a fibrant re- 
placement of the suspension bispectrum associated with an algebra A. 

Theorem. Let A be an algebra in 9?; then there is a natural weak equivalence of bispectra 
in SpG^ft) 

S^E°°rA -> e^RGKA, -), 
where E^E^rA is the suspension bispectrum ofrA. 

Let k be the field of complex numbers C and let JC a (A, — ) be the (0,0)-space of the 
bispectrum 0q > K.G(A, — ). We raise a question that there is a category of commuta- 
tive C-algebras such that the fibrant simplicial set /C CT (C,C) has homotopy type of 
Q 00 ^ 00 S° . The question is justified by a recent result of Levine [21] saying that over 
an algebraically closed field F of characteristic zero the homotopy groups of weight zero 
of the motivic sphere spectrum evaluated at F are isomorphic to the stable homotopy 
groups of the classical sphere spectrum. The role of the motivic sphere spectrum in our 
context plays the bispectrum E^E^rC. 

We finish the paper by proving that the triangulated category of iT-motives DK($l) 
is fully faithfully embedded into the homotopy category of (S 1 , G)-bispectra. We also 
construct an explicit fibrant (S 1 , G)-bispectrum Ojg > IKG s *(^4, — ), obtained from fibrant 
S 1 -spectra K. st (o~ n A, — ), n ^ 0, by stabilization in a-direction. The following result says 
that the bispectrum ©g D IKG st (^4, — ) is (2, l)-periodic and represents stable algebraic 
Kasparov iC-theory (cf. Voevodsky [23 6.8-6.9]). 
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Theorem. For any algebras A,B E 3? and any integers p, q there is an isomorphism 

7T p ^KG st (A,B)) - K s p t 2q (A,B). 

As a consequence of the theorem one has that for any algebra BsR and any integers 
p, q there is an isomorphism 

ir m (@%KG st (k,B)) * KH p - 2q (B). 

Thus the bispectrum K.G st (k, B) yields a model for homotopy if-theory. 

Throughout the paper A; is a fixed commutative ring with unit and Alg fc is the category 
of non-unital A;- algebras and non-unital /c-homomorphisms. If there is no likelihood of 
confusion, we replace 0^ by 0. If C is a category and A, B are objects of C, we shall 
often write C(A, B) to denote the Horn-set Homc(A, B). 

In general, we shall not be very explicit about set-theoretical foundations, and we 
shall tacitly assume we are working in some fixed universe U of sets. Members of U are 
then called small sets, whereas a collection of members of U which does not itself belong 
to U will be referred to as a large set or a proper class. 

2. Preliminaries 

In this section we collect basic facts about admissible categories of algebras and tri- 
angulated categories associated with them. We mostly follow [91 [TO]. 

2.1. Algebraic homotopy 

Following Gersten [13] a category of non-unital /c-algebras 3? is admissible if it is a full 
subcategory of Alg fc and 

(1) R in 3i, / a (two-sided) ideal of R then / and R/I are in 3?; 

(2) if R is in 3?, then so is R[x], the polynomial algebra in one variable; 

(3) given a cartesian square 

d^Ua 

f 

B^UC 

in Alg fc with A, B, C in 3?, then D is in 3?. 

3? is said to be tensor closed if k £ 3? and A B € 3? for all A, B 6 3ft. Observe that 3? 
is a symmetric monoidal category in this case with k a monoidal unit. 

Observe that every algebra which is isomorphic to an algebra from 3? belongs to 3?. 
One may abbreviate 1, 2, and 3 by saying that 3? is closed under operations of taking 
ideals, homomorphic images, polynomial extensions in a finite number of variables, and 
pullbacks. For instance, the category of commutative /c-algebras CAlg fc is admissible. 

Recall that an algebra A is square zero if A 2 = 0. If we regard every fc-module M as 
a non-unital /c-algebra with trivial multiplication mi • mi = for all m\,m2 € M, then 
Mod A; is an admissible category of /c-algebras coinciding with the category of square 
zero algebras. 
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If R is an algebra then the polynomial algebra R[x] admits two homomorphisms onto 

R 

R[x] — r R 

where 

d l x \R = lR, d l x (x)=i, i = 0,l. 
Of course, d~.(x) = 1 has to be understood in the sense that T,r n x n i— > Sr„. 

Definition. Two homomorphisms /o, /i : S — >■ R are elementary homotopic, written 
/o ~ /i) if there exists a homomorphism 

/ : S -> fl[x] 

such that 9°/ = /o and 9^/ = f%. A map / : 5 — ?■ i? is called an elementary homotopy 
equivalence if there is a map g : R — > S" such that /<? and 5/ are elementary homotopic 
to idfi and ids respectively. 

For example, let A be a Z n ^o~g ra ded algebra, then the inclusion Aq — > A is an 
elementary homotopy equivalence. The homotopy inverse is given by the projection 
A — > yh> Indeed, the map A — >• A [a;] sending a homogeneous element a n € A n to o n t n 
is a homotopy between the composite A — > Aq — > A and the identity id^- 

The relation "elementary homotopic" is reflexive and symmetric |13|. p. 62]. One may 
take the transitive closure of this relation to get an equivalence relation (denoted by 
the symbol "~"). Following notation of Gersten [13], the set of equivalence classes of 
morphisms R — )■ S is written [R, S]. 

Lemma 2.1 (Gersten [Hj). Given morphisms in Alg fc 

f 9 

R — s ^ZZ T — ^ u 

such that g ~ g' , then gf ~ g'f and hg ~ hg' . 

Thus homotopy behaves well with respect to composition and we have category 
%(Alg fc ), the homotopy category of k- algebras, whose objects are fe-algebras and Hom^(Ai gfe )(i2, S) = 
[R, S]. The homotopy category of an admissible category of algebras $t will be denoted 
by T~L($l). Call a homomorphism s : A — > B an I -weak equivalence if its image in Hffi) 
is an isomorphism. 

The diagram in Alg fe 

a^bAc 

is a short exact sequence if / is injective (= Ker/ = 0), g is surjective, and the image 
of / is equal to the kernel of g. 

Definition. An algebra R is contractible if ~ 1; that is, if there is a homomorphism 
/ : R — > R[x] such that d®f = and d x f = 1r. 

For example, every square zero algebra A € Alg fc is contractible by means of the 
homotopy A — > A[x], a £ A 1— > ax E A[x\. Therefore every fc-module, regarded as a 
/c-algebra with trivial multiplication, is contractible. 
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Following Karoubi and Villamayor |20| we define ER, the path algebra on R, as the 

go 

kernel of d® : R[x] — > R, so ER — > R[x] -4 i? is a short exact sequence in Alg fc . Also 
<9,~ : R[x] — >■ i? induces a surjection 

dl : ER -> i? 

and we define the /oop algebra QR of i? to be its kernel, so we have a short exact sequence 
in Alg fe 

flR ER % R. 

We call it the loop extension of R. Clearly, QR is the intersection of the kernels of d® 
and d\. By [131 3.3] -Ei? is contractible for any algebra R. 



2.2. Categories of fibrant objects 

Definition. Let A be a category with finite products and a final object e. Assume that 
.4, has two distinguished classes of maps, called weak equivalences and fibrations. A map 
is called a trivial fibration if it is both a weak equivalence and a fibration. We define a 
pa£/i space for an object B to be an object B 1 together with maps 

B^B 1 BxB, 

where s is a weak equivalence, (do,di) is a fibration, and the composite is the diagonal 
map. 

Following Brown [2J, we call A a category of fibrant objects or a Brown category if the 
following axioms are satisfied. 

(A) Let / and g be maps such that gf is defined. If two of /, g, gf are weak 
equivalences then so is the third. Any isomorphism is a weak equivalence. 

(B) The composite of two fibrations is a fibration. Any isomorphism is a fibration. 

(C) Given a diagram 

with v a fibration (respectively a trivial fibration), the pullback A xp B exists and the 
map A Xq B A is & fibration (respectively a trivial fibration) . 

(D) For any object B in A there exists at least one path space B 1 (not necessarily 
functorial in B). 

(E) For any object B the map B — > e is a fibration. 



2.3. The triangulated category D(K,5) 

In what follows we denote by 5 the class of fc-split surjective algebra homomorphisms. 
We shall also refer to $ as fibrations. 

Let 2U be a class of weak equivalences in an admissible category of algebras 9? con- 
taining homomorphisms A — > A[t], A S 5R, such that the triple (K,#, 2U) is a Brown 
category. 

Definition. The left derived category D~~ (3?, 2B) of K with respect to (#, 2B) is the 
category obtained from K by inverting the weak equivalences. 
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By [10J the family of weak equivalences in the category HM. admits a calculus of right 
fractions. The left derived category 2D) (possibly "large") is obtained from 

WR by inverting the weak equivalences. The left derived category D~($i, 2D) is left 
triangulated (see [10] for details) with O a loop functor on it. 

There is a general method of stabilizing 0, (see Heller [15] ) and producing a trian- 
gulated (possibly "large") category D(JR, 2D) from the left triangulated structure on 
Off). 

An object of L>(3?,#,2D) is a pair (A, m) with ,4 e L>-(9?,#,2D) and m £ Z. If 
m,n € Z then we consider the directed set 7 mi n = € Z | m, n ^ A;}. The morphisms 
between (A,m) and (B,n) G -D(!R,3 ) 2D) are defined by 



D(ft, 3, 20) [(A, m) , (B, n)] := colim fcG/m n D~ (ft, 3, 2D) (O fc - m (A) , Q k ~ n (B)) 



\k—n i 



Morphisms of -D(ft, 3, 2D) are composed in the obvious fashion. We define the loop 
automorphism on D(ft, 3, 2D) by Q(A,m) := (A,m — 1). There is a natural functor 
S : D~(Sl,3,2D) L>(ft,S,2D) defined by A i— > (AO). 

D(K,3,2D) is an additive category [9j[10]. We define a triangulation Tr(K,3,2D) of 
the pair (.0(38,$, 2D), fi) as follows. A sequence 

0(A,Z) -> (C,n) ->• (B,rn) -> (A,/) 

belongs to Tr(K, 3, 2D) if there is an even integer and a left triangle of representatives 
Q(n k - l (A)) -> O fc " n (C) -> n k - m (B) -> n*-'(A) in D-(3?,3,2D). Then the functor 5 
takes left triangles in £>-(», ff,2H) to triangles in £>(&,#, 28). By P [TO] T r(3?,3 r , 2D) is 
a triangulation of D(;K, 3", 2D) in the classical sense of Verdier [25J. 

By an extension or just extension in ft we mean a short exact sequence of algebras 

(E):A^B^C 

such that a G 5". Let £ be the class of all ^-extensions in ft. 

Definition. Following Cortihas-Thom [3] a ($-)excisive homology theory on ft with 
values in a triangulated category (T, fi) consists of a functor X : ft — > T, together with 
a collection {8e ■ E € £} of maps d% = 8e € T(QX(C), X(A)). The maps (?£ are to 
satisfy the following requirements. 

(1) For all E G £ as above, 

nx(c) ^ x(A) x(B) x(c) 



is a distinguished triangle in T ■ 
(2) If 



(£) : A — 5 — ^ C 



(£') : A' — ^ 5' C" 
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is a map of extensions, then the following diagram commutes 



nx(c) 



X(A) 



QX( 7 ) 



X(a) 



QX(C) 



d E , 



X(A). 



We say that the functor X : K — > T is homotopy invariant if it maps homotopic 
homomomorphisms to equal maps, or equivalently, if for every A € Alg fc , X maps the 
inclusion i C to an isomorphism. 

Denote by 2Ua the class of homomorphisms / such that X(f) is an isomorphism 
for any excisive, homotopy invariant homology theory X : M — > T. We shall refer 
to the maps from 2Ka as stable weak equivalences. The triple (5R, 2Ua) is a Brown 
category. In what follows we shall write D~($t, and D($t, J) to denote D~($t, J, 2Ba) 
and D($t, J, 2Ba) respectively, dropping 2Ua from notation. 

By [10] the canonical functor 



is the universal excisive, homotopy invariant homology theory on K. 
3. Homotopy theory of algebras 

Let 3? be a small admissible category of algebras. We shall work with various model 
category structures for the category of simplicial functors on 5R. We mostly adhere 



3.1. Bousfield localization 

Recall from [16] that if M is a model category and S a set of maps between cofibrant 
objects, we shall produce a new model structure on M in which the maps S are weak 
equivalences. The new model structure is called the Bousfield localization or just local- 
ization of the old one. Since all model categories we shall consider are simplicial one 
can use the simplicial mapping object instead of the homotopy function complex for the 
localization theory of M.. 

Definition. Let A4 be a simplicial model category and let S be a set of maps between 
cofibrant objects. 

(1) An S-local object of Ai is a fibrant object X such that for every map A — > B 
in S, the induced map of Map(B,X) — > Ma,p(A, X) is a weak equivalence of 
simplicial sets. 

(2) An S-local equivalence is a map A — > B such that Map(B, X) — > Map(A, A") is 
a weak equivalence for every S'-local object X. 

In words, the S'-local objects are the ones which see every map in S as if it were 
a weak equivalence. The S-local equivalences are those maps which are seen as weak 
equivalences by every S-local object. 



3?^L>(5fi,S) 



to PUT]. 
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Theorem 3.1 (Hirschhorn |16|). Let M. be a cellular, simplicial model category and let 
S be a set of maps between cofibrant objects. Then there exists a new model structure 
on A4 in which 

(1) the weak equivalences are the S-local equivalences; 

(2) the cofibrations in M./S are the same as those in M; 

(3) the fibrations are the maps having the right-lifting-property with respect to cofi- 
brations which are also S-local equivalences. 

Left Quillen functors from A4/S toT> are in one to one correspondence with left Quillen 
functors <P : A4 — > V such that <P(f) is a weak equivalence for all f G S. Ln addition, 
the fibrant objects of M are precisely the S-local objects, and this new model structure 
is again cellular and simplicial. 

The model category whose existence is guaranteed by the above theorem is called 
S -localization of M.. The underlying category is the same as that of M, but there are 
more trivial cofibrations (and hence fewer fibrations). We sometimes use M/S to denote 
the 5-localization. 

Note that the identity maps yield a Quillen pair A4 <^ A4/S, where the left Quillen 
functor is the map id : M. — > M/S. 



3.2. The categories of pointed simplicial functors [7,9? 

Throughout this paper we work with a model category [/.SR. To define it, we first 
enrich 5ft over pointed simplicial sets §,. Given an algebra A G 5ft, denote by rA the 
representable functor Homjt(yl, — ). Let 5ft, have the same objects as 5ft and whose 
pointed simplicial sets of morphisms are rA{B) = Homj{(A, B) pointed at zero. Denote 
by [7,5ft the category of S,-enriched functors from 5ft, to §,. One easily checks that [7,5ft 
can be regarded as the category of covariant pointed simplicial functors X : 5ft — > 8. 
such that X(0) = *. 

By [HJ 4.2] we define the projective model structure on [7,5ft. This is a proper, sim- 
plicial, cellular model category with weak equivalences and fibrations being defined ob- 
jectwise, and cofibrations being those maps having the left lifting property with respect 
to trivial fibrations. 

The class of projective cofibrations for [7,5ft is generated by the set 

%E{r4A(9AVA") + r 
indexed by A € 5ft. Likewise, the class of acyclic projective cofibrations is generated by 

Ju.k = {rA A (A* C A»)+}g^ B . 
Given X ,y € [7,5ft the pointed function complex Map.(7f,^) is defined as 
M a p.(X,y) n = Rom u , st (X AAl,y), n^O. 
By 2.1] there is a natural isomorphism of pointed simplicial sets 

Map,(rA,X) X{A) 

for all A G 5ft and X G [7,5ft. 

Recall that the model category [75ft of functors from 5Ji to unpointed simplicial sets S 
is defined in a similar fashion (see [S]). Since we mostly work with spectra in this paper, 
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the category of spectra associated with U 9 $t is technically more convenient the category 
of spectra associated with U$t. 

3.3. The model categories UJ5ti,UJ&j,UJ&i t j 

Let I = {i = %a '■ r{A\t\) — > r(A) | A G 3?}, where each %a is induced by the natural 
homomorphism i : A — > A[t]. Recall that a functor F : 3? — > §,/ Spectra is homotopy 
invariant if -F(j4) — > -F(^M) is a weak equivalence for all A G 3?. Consider the projective 
model structure on [7,9%. We shall refer to the /-local equivalences as (projective) /-weak 
equivalences. The resulting model category UJ&/I will be denoted by U,^Rj. Notice that 
any objectwise fibrant homotopy invariant functor F G [7.9? is an /-local object, hence 
fibrant in [7,3?/. 

Let us introduce the class of excisive functors on 3i. They look like flasque presheaves 
on a site defined by a cd-structure in the sense of Voevodsky (27J section 3] . 

Definition. A simplicial functor X G t/3? is called excisive with respect to 5 if for any 
cartesian square in 3i 

D ^A 

with / a fibration (call such squares distinguished) the square of simplicial sets 

X(D) *~X(A) 

X(B) *X(C) 

is a homotopy pullback square. It immediately follows from the definition that every 
excisive object takes ^-extensions in 3? to homotopy fibre sequences of simplicial sets. 

Let a denote a distinguished square in 3? 

D ^A 

B 

Let us apply the simplicial mapping cylinder construction cyl to a and form the pushouts: 

rC >■ cyl(rC — > rA) >■ rA 

rB >■ cyl(rC — > rA) \\ rC rB >■ rD 

Note that rC — > cyl(rC — > rA) is a projective cofibration between (projective) cofibrant 
objects of C/,3i. Thus s(a) = cyl(rC — > rA) \J rC rB is (projective) cofibrant [UJ 1.11.1]. 
For the same reasons, applying the simplicial mapping cylinder to s(a) — > rD and setting 
t(a) = cyl(s(a) — > rD^j we get a projective cofibration 

cyl(a) : s(a) t(a). 
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Let Jj/^jj consists of all pushout product maps 

s(a) A Al Us(a)A8Al *(«) A 5A + <(«) A A + 

and let J = Jj/.sr U Jjj^^ • It is directly verified that A? € £/,Dft is J-local if and only if 
it has the right lifting property with respect to J. Also, X is J-local if and only if it is 
objectwise fibrant and excisive [HI 4.3]. 

Finally, let us introduce the model category U,$ti t j. It is, by definition, the Bousfield 
localization of C/,3ft with respect to I Li J. The weak equivalences (trivial cofibrations) of 
UJRij will be referred to as (projective) (J, J)-weak equivalences ((projective) (I,J)- 
trivial cofibrations). By [9l 4.5] a functor X G [7.9ft is (I, J)-local if and only if it is 
objectwise fibrant, homotopy invariant and excisive. 

Remark. The model category U 9 ^R,j t j can also be regarded as a kind of unstable mo- 
tivic model category associated with 3ft. Indeed, the construction of U,$ti t j is similar 
to Morel- Voevodsky's unstable motivic theory for smooth schemes Sm/F over a field 
F [22]. If we replace the family / by 

I' = {X x A 1 X | X G Sm/F} 

and the family of distinguished squares by the family of elementary Nisnevich squares 
and get the corresponding family J' associated to it, then one of the equivalent models 
for Morel-Voevodsky's unstable motivic theory is obtained by Bousfield localization of 
simplicial presheaves with respect to V Li J' . 

For this reason, U,$ti t j can also be called the category of (pointed) motivic spaces, 
where each algebra A is identified with the pointed motivic space rA. One can also refer 
to (/, J)-weak equivalences as motivic weak equivalences. 

3.4. Monoidal structure on U,$l 

In this section we mostly follow [24, section 2.1] Suppose K is tensor closed, that is 
k, A ® B G 3ft for all A, B G 3ft. We introduce the monoidal product X ® y of X and y 
in J7,3ft by the formulas 

X®y(A)= colim X(A 1 )Ay(A 2 ). 

The colimit is indexed on the category with objects a : A± (g> A 2 — > A and maps pairs of 
maps (<p,ip) ■ (Ai,A 2 ) — > (A' x , A! 2 ) such that a'(ip ® tp) = a. By functoriality of colimits 
it follows that X ® y is in C/.3ft. 

The tensor product can also be defined by the formula 

{X(A 1 ) A y{A 2 )) A Hom»(Ai ® A a , A). 

This formula is obtained from a theorem of Day [7], which also asserts that the triple 
(f7.9ft, ®, r(k)) forms a closed symmetric monoidal category. 
The internal Horn functor, right adjoint to X ® — , is given by 

mm(X,y)(A)= [ Map,(X(B),y(A®B)), 

where Map. stands for the function complex in S». 
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So there exist natural isomorphisms 

Horri fy ®y,Z) = Hom (,Y. Hom fy. Z)) 

and 

Hom (r(k),Z) Z. 

Concerning smash products of representable functors, one has a natural isomorphism 

tA <g> rB ^ r(A ® B), A,B e 5ft. 

Note as well that for pointed simplicial sets K and L, one has K <g> L = K A L. 

We recall a pointed simplicial set tensor and cotensor structure on t/.5ft. If X and 3^ 
are in £7,5? and -fT is a pointed simplicial set, the tensor X ® K is given by 

Af ® = X(A) A K 

and the cotensor y in terms of the ordinary function complex 

y K (A) = Map.(K,y(A)). 

The function complex Map,(X ,y) of X and 3^ is defined by setting 

Map.(#, y) n = Homjj.^X ® y). 

By the Yoneda lemma there exists a natural isomorphism of pointed simplicial sets 

Map,(rA,y) = y(A). 

Using these definitions C/.5ft is enriched in pointed simplicial sets S.. Moreover, there 
are natural isomorphisms of pointed simplicial sets 

Map.(X ®K,y) ^ Map. (K, Map. ^Map.{X,y K ). 

It is also useful to note that 

Rom(X,y)(A) =M&p,(X,y(A®-)). 

and 

Hvm(rB,y) = y(-®B). 
It can be shown similar to [Ml 3.10; 3.43; 3.89] that the model categories [/.5ft, ?7.5ft/, 
£/.5ftj, U,$ti t j are monoidal. 

4. Unstable algebraic Kasparov ^-theory 

Let IA be an arbitrary category and let 3ft be an admissible category of /c-algebras. 
Suppose that there are functors F : 5ft —> U and T : IA — > 5ft such that T is left adjoint to 
F. We denote TFA, A € 5ft, and the counit map TFA — > A by TA and tja respectively. 
If X € ObU then the unit map X — > FTX is denoted by %x- We note that the 
composition 

FA ^ FTFA ^ FA 
equals Ifa for every A € 5ft, and hence Ftja splits in IA. We call an admissible category 
of fc-algebras T -closed if TA € 5ft for all A € 5ft. 

Lemma 4.1. Suppose IA is either a full subcategory of sets or a full subcategory of k- 
modules. Suppose as well that F : 5ft -^IA is the forgetful functor. Then for every A € 5ft 
the algebra TA is contractible, i.e. there is a contraction r : TA — > TA[i] such that 
d®r = 0, d\r = 1. Moreover, the contraction is functorial in A. 
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Proof. Consider a map u : FT A — > FTA[x] sending an element b E FT A to bx E 
FTA[x]. By assumption, u is a morphisms of U. The desired contraction r is uniquely 
determined by the map u o i Fj ^ : FA — > FTA[x]. By using elementary properties of 
adjoint functors, one can show that <9°t = 0, d\r = 1. □ 

Throughout this paper, whenever we deal with a T-closed admissible category of k- 
algebras 5ft we assume fixed an underlying category U, which is a full subcategory of 
Mod A:. 

Examples. (1) Let 5ft = Alg fc . Given an algebra A, consider the algebraic tensor algebra 

TA = A® A® A® A® 3 ■ • • 

with the usual product given by concatenation of tensors. In Cuntz's treatment of 
bivariant i^T-theory [HEIE], tensor algebras play a prominent role. 

There is a canonical A:-linear map A — > T A mapping A into the first direct summand. 
Every /c-linear map s : A — > B into an algebra B induces a homomorphism 7 S : TA — > B 
defined by 

%(xi ® • ■ • ® x n ) = s(xi)s(x 2 ) ■ ■ ■ s(x n ). 

5ft is plainly T-closed. 
(2) If 5ft = CAlg fc then 

T{A) = Sym(A) = (B n ^S n A, S n A = A® n /( ai ® • • • ® a n - Qff(1) ® • • • ® a a{n) ), 

the symmetric algebra of A, and 5? is T-closed. 

Given a small T-closed admissible category of /c-algebras 5ft, we denote by 5p(5ft) the 
category of 5 1 -spectra in the sense of Hovey [T5] associated with the model category 
^•5ft/,j. Recall that a spectrum consists of sequences £ = (£ n ) n ^o of pointed simplicial 
functors in t/,5ft equipped with structure maps '■ ^£ n —> £n+i where E = - A S 1 
is the suspension functor. A map / : £ — > T of spectra consists of compatible maps 
f n :£ n ^ -Tn in the sense that the diagrams 



TF n ~ F 



1 



/n + 1 

n+1 



commute for all n ^ 0. The category Sp(5ft) is endowed with the stable model structure 
(see [IH] for details). 

Given an algebra A E 5ft, we denote by T,°°rA the suspension spectrum associated 
with the functor rA pointed at zero. By definition, (S°°r^4) n = rA A S n with obvious 
structure maps. 

In order to define one of the main spectra of the paper TZ(A) associated to an algebra 
A E 5ft, we have to recall some definitions from [11] . 
For any B E 5ft we define a simplicial algebra 

#A . [n] ^A" .- B [to,...,tn]/{l-Y,ti) (=B[h,...,t n }). 
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di(tj) (resp. Si(tj)) 



The face and degeneracy operators : B[A n ] -> S[A n_1 ] and Sj : 5[A n ] -> 5[A n+1 ] 
are given by 

tj (resp. tj), j < i 
(resp. tj + j = i 

tj-! (resp. t 3 - + i), i < j 

We have that B A = B ® fc A and -B A is pointed at zero. 

For any pointed simplicial set X G we denote by I? A (X) the simplicial algebra 
Map.(X, B A ). The simplicial algebra associated to any unpointed simplicial set and 
any simplicial algebra is defined in a similar way. By B A (X) we shall mean the pointed 
simplicial ind-algebra 

B A {X) -> ^(sd 1 X) -> £ A (sd 2 X) -»■ • • • 

In particular, one defines the "path space" simplicial ind-algebra PB A . We shall also 
write M A (n n ) to denote M A (S n ), where S n = S 1 A • • • A S 1 is the simplicial n-sphere. 
For any A G 5ft we denote by Hom Alg md(^4,B A (f2 n )) the colimit of the sequence in §. 

Hom Algfc (A B A (S n )) -»• Hom Algfc (A S A (sd 1 5")) -> Hom Algfe (A, £ A (sd 2 ■ ■ ■ 

The natural simplicial map di : PB A (fi n ) -> B A (fi n ) has a natural fe-linear splitting 
described below. Let t G Pk A (A x x ••• xA 1 )o stand for the composite map 

sd m (A x x -t. 1 xA 1 ) ^> sd m A 1 ^ A 1 4 k A , 

where pr is the projection onto the (n + l)th direct factor A 1 and t = to G & Al . The 
element t can be regarded as a 1-simplex of the unital ind-algebra k A (A 1 x ■— xA 1 ) 
such that 8b(t) = and Si(t) = 1. Let i : M A (Cl n ) ->• (B A (f) n )) Al be the natural 
inclusion. Multiplication with t determines a fc-linear map (B A (f) n )) Al A PB A (ft n ). 
Now the desired /c-linear splitting B A (Sl n ) — ^> PB A (fi n ) of simplicial ind-modules is 
defined as 

v := t ■ i. 

If we consider M A (Q n ) as a (Z^o x A)-diagram in 5ft, then there is a commutative 
diagram of extensions for (Z^o x A)-diagrams 

jM A (n n ) — TB A (^ n ) — *~ M A {n n ) 
M A {n n+1 ) — >■ PM A (n n ) B A (o n ), 



where the map £ v is uniquely determined by the /c-linear splitting v. For every element 



/ G Hom A1 ind (J n A,M A (n n )) one sets: 



?(/) := & G Hom Algind (J"+ 1 A,B A (^+ 1 )). 

The spectrum 7£(A) is defined at every B G 5ft as the sequence of spaces pointed at 
zero 

Hom Alg ind(A,B A ),Hom Alg ^d(J^,B A ),Hom Alg h ld (J 2 ^,B A ), . . . 
By [HJ section 2] each TZ(A) n (B) is a fibrant simplicial set and 

tkn-yf A\fr>\ _ U I A TU>A/r>k\ 



n k K{A)(B) = Hom Alg ind(^,B A (^ fc )). 
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Each structure map a n : 1Z{A) n AS 1 -> TZ(A) n+ i is denned at B as adjoint to the map 
S : Hom Alg ind(JM,B A ) -> Hom Alg i fd (J" +1 A,]B A (0)). 

For every A € K there is a natural map in Spffi) 

i : S°°rA -> 7e(A) 

functorial in A. 

Definition, (see [H]) (1) Given two /c-algebras A, S G 3?, the unstable algebraic Kas- 
parov K -theory of (A, 5) is the space /C(A, 5) defined as the fibrant space 

colim n Hom Alg ind ( J n A , B A ) , 

where the colimit maps are given by £«-s. Its homotopy groups will be denoted by 
fC n (A, B), n ^ 0. The simplicial functor K.(A, — ) is fibrant in U m (M)i t j by [TTJ section 4]. 
Also, there is a natural isomorphism of simplicial sets 

K{A,B) MC{JA,B). 

In particular, /C(A, 1?) is an infinite loop space with /C(A, -B) simplicially isomorphic to 
tt n lC(J n A,B) (see p3J 5.1]). 

(2) The unstable algebraic Kasparov KK -theory spectrum of (.A, £>) consists of the 
sequence of spaces 

K(A, B),K{JA, B),IC{J 2 A, B), . . . 

together with the natural isomorphisms JC(J n A,B) = Q)C(J n+1 A, B) . It forms an Q- 
spectrum which we also denote by K. unst (A, B). Its homotopy groups will be denoted 
by K% nst (A,B), n£Z. We sometimes write K(A,B) instead of K unst (A, B), dropping 
"unst" from notation. Observe that K n (A, B) = fC n (A, B) for any n ^ and K n (A, B) = 
K,o(J~ n A,B) for any n < 0. 

There is a natural map of spectra 

j:K(A)^K(A,-). 

By [111 section 6] it is a stable equivalence and K(A, — ) is a fibrant object of Sp(JR). In 
fact for any algebra B € 5? the map 

j:K(A)(B)^K(A,B) 

is a stable equivalence of ordinary spectra. 

The following theorem is crucial in our analysis. It states that K(A, — ) is a fibrant 
replacement of Yi°°rA in Sp(Jft). 

Theorem 4.2. Given A £ R the map i : T,°°rA — > 7£(A) is a leveZ (I, J)-weak equiva- 
lence, and therefore the composite map 

TP°rA -4 7£(A) -4k(A,-) 
is a stable equivalence in Sp(JR), functorial in A. 

Proof. Recall that for any functor F from rings to simplicial sets, Sing(F) is defined at 
each ring R as the diagonal of the bisimplicial set F(R[A]). The map Iq : (T, oc rA)Q — > 
1Z(A)q equals rA — > Ex°° o Sing(rA), which is an /-weak equivalence by [SJ 3.8]. Let us 
show that i\ : rA A 5 1 — > 1Z{A)\ = Ex°° o Sing(r(JA)) is an (I, J)-weak equivalence. It 
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is fully determined by the element pa ■ J A — > fL4, which is a zero simplex of n(Ex°° o 
Sing (r (J A)) (A)), coming from the adjunction isomorphism 

Map.(r^ A S 1 , Ex°° o Sing(r(JA))) VL(Ex°° o Sing(r(JA))(A)). 

Let (/, 0) denote A[l] pointed at 0. Consider a commutative diagram of cofibrant objects 
in f7.3i 

r A> v -> rA A (I, 0) ^ rA A S" 1 



r(TA)>- 



X 



rA A S 1 



where the left square is pushout, the left map is induced by the canonical homomorphism 
t]a '■ TA — > A, v is induced by the natural inclusion dP : A[0] — )• A[l]. Lemma [4.11 implies 
r(TA) is weakly equivalent to zero in J7.3fj. It follows that a is an /-weak equivalence. 

By the universal property of pullback diagrams there is a unique morphism a : X — > 
r(JA) whose restriction to r(TA) equals i* A , where la = Kerr/^, which makes the 
diagram 



rA A (I, 0) >■ 

/ I / 
rA — ! ^ r(TA) 



X 



pt 



r(JA) 



rA ■ 



r(TA) 



commutative. Since the upper and the lower squares are homotopy pushouts in U 9 ^R.j t j 
and rA A (1,0) is weakly equivalent to zero, it follows from |16[ 13.5.10] that a is an 
(J, J)-weak equivalence. Therefore the composite map, we shall denote it by p, 

X A r(JA) -> K(A) X 

is an (/, J)-weak equivalence, where the right map is the natural /-weak equivalence. 
Let 7£(A)i [a;] £ be the simplicial functor defined as 

W(A)i[z](S) = Hom Alg ind(JA,B A [x]) = Ex°° o Hom A i gfc ( J A, B[x] A ), B G 3ft. 

There is a natural map s : 72.(^4)i — )• 7£(^4)i[x], induced by the monomorphism B — > B[x] 
at each B. It follows from [91 3.2] that this map is a weak equivalence in [/.3ft. The 
evaluation homomorphisms d%, d% : B[x] — >• B induce a map (5°, : 7^.(^4) i[x] — )• 
1Z(A)\ xTZ(A)i, whose composition with s is the diagonal map 1Z(A)i — > 7^.(^4) i x7£(^4)i. 
We see that 7Z(A)i[x] is a path object for the projectively fibrant object 1Z(A)i. 

If we constructed a homotopy H : X — > 7^(^4)i[x] such that 9^7/ = iia and Qgil = p 
it would follow that i%a, being homotopic to the (I, J)-weak equivalence p, is an (I, J)- 
weak equivalence. Since as well a is an (J, J)-weak equivalence, then so would be i\. 

The desired map H is uniquely determined by maps hi : r(TA) — > 1Z(A)i[x] and 
h>2 ■ rA A (1,0) — > 1Z(A)i[x] such that h\rf A = h%v defined as follows. The map h\ is 
uniquely determined by the homomorphism J^4 — > TA[x] which is the composition of 
la and the contraction homomorphism r : TA — > TA[x], functorial in A, that exists by 
Lemma 14.11 The map /12 is uniquely determined by the one-simplex J A — > A[A 1 ][x] 
of Ex°° o HoniAig, (J A, A[x] A ) which is the composition of pa ■ J A — > £IA = (t 2 — 
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t)A[t] C ^[A 1 ] and the homomorphism oj : AfA 1 ] — > ^[A 1 ]^] sending the variable t to 

l-(l-t)(l-x). 

Thus we have shown that 

h : rA A S 1 ->• 

is an (/, J)-weak equivalence. It follows that the composite map 

rA A S 1 K(A)a A S 1 ^ K(A)i, 

which is equal to i%, is an (I, J)-weak equivalence. Hence uq is an (I, J)-weak equiv- 
alence, because io A S 1 is an /-weak equivalence. More generally, one gets that every 
structure map 

K(A) n AS 1 ^ ll(A) n+l 

is an (I, J)-weak equivalence. 

By induction, assume that i n : r A A S 1 ™ — > 7£(^4) n is an (I, J)-weak equivalence. Then 
i n A 5" 1 is an (I, J)-weak equivalence, and hence so is i n+ i = a n o (i„ A S 1 ). □ 

Denote by SH s i($t) the stable homotopy category of Sp(JR). Since the endofunctor 
- AS 1 is an equivalence on SH s i(dt) by [E], it follows from [13 Ch. 7] that SH s i(&) is 
a triangulated category. Moreover, it is compactly generated with compact generators 
{(Z°°rA)[n]} A ^ n& . 

Corollary 4.3. {£°°rA[n]}Ae5R,nez forms a family of compact generators for SH s i (JR.). 
Moreover, there is a natural isomorphism 

SH sl (^)(^ 00 rB[n},^ 00 rA)^K n (A,B) 

for all A,B £ $t and n € Z. 

Denote by S the full subcategory of SH s i($l) whose objects are {T,°°rA[n]}AeU,n€Z- 
The next statement gives another description of the triangulated category 5"). 

Theorem 4.4. The category S is triangulated. Moreover, there is a contravariant equiv- 
alence of triangulated categories 

T : D(3fi,ff) -+S. 

Proof. By |10| the natural functor 

j ff) 

is a universal excisive homotopy invariant homology theory. Consider the homology 
theory 

t : $t^SH s i($) op 

that takes an algebra A E 3? to £°°rA It is homotopy invariant and excisive, hence 
there is a unique triangulated functor 

T : D(JR,$) — )• SH s i(JR) op 

such that t = T o j. If we apply T to the loop extension 

VLA^ EA^ A, 

we get an isomorpism 

T{flA) S E°°rA[l], 

which is functorial in A 
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It follows from Comparison Theorem B of [TT] and Corollary 14.31 that T is full and 
faithful. Every object of S is plainly equivalent to the image of an object in Z?(5ft, J). □ 

Recall from [11] that we can vary 5ft in the following sense. If $1' is another T-closed 
admissible category of algebras containing 5ft, then D(5ft,#) is a full subcategory of 

5. MORITA STABLE ALGEBRAIC KASPAROV K-THEORY 

If A is an algebra and n > is a positive integer, then there is a natural inclusion 
i : A — > M n A of algebras, sending A to the upper left corner of M n A. Throughout 
this section we assume that 5ft is a small T-closed admissible category of fc-algebras with 
M n k e8,n^l. Then M n A G 5R for any Ae J} and M n (/) G 5 for any / G 

Denote by t7.5ft™j* the model category obtained from U,^ki^j by Bousfield localization 
with respect to the family of maps of coflbrant objects 

{r{M n A) rA \ A e?R,n > 0}. 

Let Spmor^R) be the stable model category of S^-spectra associated with U,WPj r . 
Observe that it is also obtained from Sp(5ft) by Bousfield localization with respect to 
the family of maps of coflbrant objects in Sp($t) 

{F s (r(M n A)) F s (rA) \ A G 5ft, n > 0, 0}. 

Here -F, : t7,5ft™j r — )■ Sp mor (5ft) is the canonical functor adjoint to the evaluation functor 
£v s : Sjw(5ftj U.Wff. 

Definition, (see [9j) (1) The Morita stable algebraic Kasparov K-theory of two algebras 
A, B G 5ft is the space 

JC mor (A,B) = colim(/C(A, 5) -> K(A,M 2 k®B) -> lC(A,M 3 k®B) -> ■••)■ 

Its homotopy groups will be denoted by K7^ or (A,B), n ^ 0. 

(2) A functor X : 5ft — > S/ (Spectra) is Morita invariant if each morphism — > 
X(M n A), vl G 5ft, n > 0, is a weak equivalence. 

(3) An excisive, homotopy invariant homology theory X : 5ft — >• T is Morita invariant 
if each morphism X(A) — > X(M n A), A G 5ft, n > 0, is an isomorphism. 

(4) The Morita stable algebraic Kasparov K-theory spectrum of A, B G 5ft is the O- 
spectrum 

K mor (A,B) = {IC mor (A, B), K mor {J A, B) , K mor (J 2 A, B), . . .). 

Denote by 1 SB™ 1 or (5ft) the (stable) homotopy category of Sp mor ($l). It is a compactly 
generated triangulated category with compact generators {E°°rA[n]}Ae3t,neZ- Let S mor 
be the full subcategory of SH^i or ^R) whose objects are {T,°°rA[n]}Ae3t,neZ- 

Recall from [10] the definition of the triangulated category Z) mor (5ft, Its objects 
are those of 5ft and the set of morphisms between two algebras A, B G 5ft is defined as 
the colimit of the sequence of abelian groups 

D(5ft, B) -> D(5ft, M 2 B) -> D(5ft, M 3 B) -> • • • 

There is a canonical functor 5ft — > -D mor (5ft, J). It is the universal excisive, homotopy 
invariant and Morita invariant homology theory on 5ft. 
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Theorem 5.1. Given A £ 5ft the composite map 

E°°rA -4 1Z{A) A K(A, -) ->■ K mor (^, -) (1) 

is a stable equivalence in Sp mar QR.), functorial in A. In particular, there is a natural 
isomorphism 

SHf^ (5ft) (£°°r£ [n] , S°°rA) K™ or (A, 5) 

/or A, 5 6 5? and n £ Z. Furthermore, the category S mor is triangulated and there is 
a contravariant equivalence of triangulated categories 

T . -Dmor(5ft,30 ^ S mor . 

Proof. Let 5° and <S^ or . be the categories of compact objects in SH s i (5ft) and SH^f^R) 
respectively. Denote by TZ the full triangulated subcategory of S generated by objects 

{cone(S°°r(M n y4) -> S°°rA)[/c] | A £ 5ft, n > 0, k £ Z}. 

Let 7£ c be the thick closure of TZ in SH s i(JR). It follows from [23, 2.1] that the natural 
functor 

S C /TZ° — > S mor 

is full and faithful and S mor is the thick closure of S C /7Z C . 
We claim that the natural functor 

s/n^s c /n c (2) 

is full and faithful. For this consider a map a : X — > Y in 5 C such that its cone Z is 
in TZ C and 1" £ S. We can find Z' £ 7£ c such that Z © Z' is isomorphic to an object 
W GTZ. Construct a commutative diagram in S c 




where p is the natural projection. We see that as is such that its cone W belongs to 
TZ. Standard facts for Gabriel-Zisman localization theory imply ([2]) is a fully faithful 
embedding. It also follows that 

Smor = S/TZ. 

We want to compute Horn sets in S/TZ. For this observe first that there is a con- 
travariant equivalence of triangulated categories 

Smor j 

where it is the smallest full triangulated subcategory of D (5ft, 5) containing 

{cone(vl -4 M n A) \ A £ 5ft, n > 0}. 

This follows from Theorem 14.41 

By construction, every excisive homotopy invariant Morita invariant homology theory 
5ft — > T factors through D(5ft,#)/il. Since 5ft — > -D mor (5ft, 30 is a universal excisive 
homotopy invariant Morita invariant homology theory [10] . we see that there exists a 
triangle equivalence of triangulated categories 

Anor(5R,5)^£(5ft,S)/il. 
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So there is a natural contravariant triangle equivalence of triangulated categories 

T . D mor (Jf£, y S mor . 

Using this and 9.9], there is a natural isomorphism 

•WE°°rfl[n], E°°rA) K™ r (A, B) 

for all A, B G 5? and n G Z. The fact that (pQ) is a stable equivalence in Sp mor ($l) is now 
obvious. □ 



6. Stable algebraic Kasparov K-theory 



If A is an algebra one sets M^A = U n M n A. There is a natural inclusion t : A — > M^A 
of algebras, sending A to the upper left corner of M^A. Throughout the section we 
assume that K is a small tensor closed and T-closed admissible category of fe-algebras 
with Moo (A;) G ^- It follows that M^A ^A® M^k) G 3? for all A £ 

Denote by C/.KJ°j the model category obtained from U 9 ^ki y j by Bousfield localization 
with respect to the family of maps of cofibrant objects 

{r(Moo^) rA \ A 
Observe that UJffifj ls a nionoidal model category whenever 3? is T-closed. 

Let Spoo($t) be the stable model category of # -spectra associated with U,Wfj- 01> 
serve that it is also obtained from Spffi) by Bousfield localization with respect to the 
family of maps of cofibrant objects in Sp(3t) 

{F s (r(M oc A)) -> F s (rA) \ A G 3?, s > 0}. 

Definition, (see [11]) (1) The stable algebraic Kasparov K -theory of two algebras A,BG 
3ft is the space 

K st (A,B) = colim(/C(A B) -> 1C(A, M^k ® B) -> K(A, M^k ® M^k ® B) -»■ •••). 

Its homotopy groups will be denoted by K.^(A,B), n ^ 0. 

(2) A functor X : 3? ->• §/ (Spectra) is sia&Ze or Moo-invariant if X(^4) ->■ X(MooA) 
is a weak equivalence for all ^4 G 3ft. 

(3) An excisive, homotopy invariant homology theory X : 5? — >• T is stable or Moo- 
invariant if X(^4) — >• X(MooA) is an isomorphism for all i£R. 

(4) The stable algebraic Kasparov K -theory spectrum for A, B G 3ft is the f2-spectrum 

K S *(A, 5) = (JC st (A,B),fC st (JA,B),IC st (J 2 A,B),...). 

Denote by SH^Qft) the (stable) homotopy category of 5poo(3ft). It is a compactly 
generated triangulated category with compact generators {E°°rA[n]}Ae$l,n£i,- Let <S<x 
be the full subcategory of SH^(?R) whose objects are {'E co rA[n]}Ae^,n£Z- 

Recall from [10] the definition of the triangulated category D st ($t,$). Its objects are 
those of 3ft and the set of morphisms between two algebras A, B G 3ft is defined as the 
colimit of the sequence of abelian groups 

D(ft,$)(A,B)^D(ft,$)(A,M^k® k B)^D(ft,$)(A,M 00 k® k M 00 k® k B) -»• • • • 

There is a canonical functor 3ft — > D s ^(5ft, It is the universal excisive, homotopy 
invariant and stable homology theory on 3?. 

The proof of the next result is like that of Theorem 15.11 
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Theorem 6.1. Given A G 5ft the composite map 

H°°rA -4 K(A) A K(A, -) -> K s *(^, -) (3) 

is a stable equivalence in Spoo^ft), functorial in A. In particular, there is a natural 
isomorphism 

S.H|?(»)(E °r.B[7i],E 0O rA) ^K%(A,B) 

for all A,B G and n G Z. Furthermore, the category Soo is triangulated and there is 
a contravariant equivalence of triangulated categories 

Let FA, A G Alg fc , be the algebra of N x N- matrices which satisfies the following two 
properties. 

(i) The set {a^ | i,j G N} is finite. 

(ii) There exists a natural number iV G N such that each row and each column has 
at most iV nonzero entries. 

Moo A C TA is an ideal. We put 

HA = TA/M^A. 

We note that TA, HA are the cone and suspension rings of A considered by Karoubi and 
Villamayor in [21^ p. 269], where a different but equivalent definition is given. By [3] 
there are natural ring isomorphisms 

TA^Tk®A, EA^Hk®A. 

We call the short exact sequence 

MooA >— > TA -» HA 

the cone extension. By [3] TA -» HA is a split surjection of fc-modules. 

Let t be the fc-algebra which is unital and free on two generators a and (3 satisfying 
the relation a(3 = 1. By [31 4.10.1] the kernel of the natural map 

r -> fcf^ 1 ] 

is isomorphic to M^k. We set to = r ©fc[t±ii <r. 
Let A be a fc-algebra. We get an extension 

Moo A *tA ^A[t ±l ], 

and an analogous extension 

MooA >■ tqA *■ a A. (4) 

Definition. We say that an admissible category of £;-algebras 5ft is To-closed (respectively 
T-closed) if t A G K (respectively TA G 3?) for all Aei 

Cuntz [HEIE] constructed a triangulated category kk lca whose objects are the locally 
convex algebras. Later Cortinas-Thom [3] construct in a similar fashion a triangulated 
category kk whose objects are all /c-algebras Alg fc . If we suppose that $ft is also T-closed, 
then one can define a full triangulated subcategory kk($t) of kk whose objects are those 
ofK. 
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It can be shown similar to 7.4] or |1Q^ 9.4] that there is an equivalence of triangu- 
lated categories 

An important computational result of Cortihas-Thom [3] states that there is an iso- 
morphism of graded abelian groups 

($kk($l)(k,n n A) = 0M n (A), 

where the right hand side is the homotopy i^T-theory of A G 5ft in the sense of Weibel [25] . 
Summarizing the above arguments together with Theorem 16. II we obtain the following 

Theorem 6.2. Suppose 5ft is T-closed. Then there is a contravariant equivalence of 
triangulated categories 

kk(^R) -> Soo. 
Moreover, there is a natural isomorphism 

SH$Ql)(i: 0C rA[n],V 00 r(k)) = KH n (A). 
for any A G 5ft and any integer n. 

7. .FT-MOTIVES OF ALGEBRAS 

Throughout the section we assume that 5ft is a small tensor closed and T-closed admis- 
sible category of fc-algebras with M 00 (fe) G 5ft. It follows that M^A :=A® M 00 (fe) G 5ft 
for all A G 5ft. 

In this section we define and study the triangulated category of K- motives. It shares 
lots of common properties with the category of iT-motives for algebraic varieties con- 
structed in [12]. 

Since 5ft is tensor closed, it follows that U,Wf j is a monoidal model category. Let 
SPoaffi) be the monoidal category of symmetric spectra in the sense of Hovey [18] 
associated to U,Wfj. 

Definition. The category of K-motives DK($l) is the stable homotopy category of 
Sp^QR). The K -motive M K (A) of an algebra A G 5R is the image of A in DiC (5ft), that 
is Mk(A) = Ti°°rA. Thus one has a canonical contravariant functor 

Mk ■ 5ft ->■ DK^t) 

sending algebras to their .fT-motives. 

The following proposition follows from standard facts for monoidal model categories. 

Proposition 7.1. DK($l) is a symmetric monoidal compactly generated triangulated 
category with compact generators {Mk(A)}a£$i- For any two algebras A, B G 5ft one has 
a natural isomorphism 

M K (A) <g> M K (B) M K (A ® B). 
Furthermore, any extension of algebras in 5ft 

(E) : A ->■ B -> C 
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induces a triangle in DK(W) 

M K (E) : M K (C) -> M K {B) -> M K (A) ±> . 
There is a pair of adjoint functors 

V : S Poo (M) t> Sp^(K) : C/, 

where ?7 is the right Quillen forgetful functor. These form a Quillen equivalence. In 
particular, the induced functors 

V : SH^(fR) ±3 : C/ 

are equivalences of triangulated categories. It follows from Proposition l7.1l that SH^ffi.) 
is a symmetric monoidal category and 

for all i,B G SR. Moreover, 

V(E°°rA) = M K {A) 

for all AgK. 

Summarizing the above arguments together with Theorem 16.11 we get the following 

Theorem 7.2. For any two algebras A,B € and am/ integer n one has a natural 
isomorphism of abelian groups 

DK(^)(M K (B)[n],M K (A)) * K%(A,B). 

If T is the full subcategory of DK($t) spanned by K-motives of algebras {Mr- (A) }Ae!R 
then T is triangulated and there is an equivalence of triangulated categories 

sending an algebra i £ to its K -motive Mr (A). 

The next result is a reminiscence of a similar result for K-motives of algebraic varieties 
in the sense of [12] identifying the K-motive of the point with algebraic K-theory. 

Corollary 7.3. Suppose K is T-closed. Then for any algebra A and any integer n one 
has a natural isomorphism of abelian groups 

DK{$t){M K {A)[n],M K (k)) * KH n (A), 

where the right hand side is the n-th homotopy K -theory group in the sense of Weibel [28j . 

Proof. This follows from Theorem [1U|, 10.6] and the preceding theorem. □ 

We finish the section by showing that the category kk(3t) of Cortihas-Thom [3] can 
be identified with the K-motives of algebras. 

Theorem 7.4. Suppose K is T-closed. Then there is a natural equivalence of triangu- 
lated categories 

sending an algebra i £ K to its K -motive Mk{A). 

Proof. This follows from Theorem 1 7 . 2 1 and the fact that D s t(^H, and kk(M) are triangle 
equivalent (see 7.4] or pH 9.4]). □ 

The latter theorem shows in particular that kk(?ft) is embedded into the compactly 
generated triangulated category of K-motives DK(W) and generates it. 
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8. The G-stable theory 



Motivic stable homotopy theory over a field is homotopy theory of T-spectra, where 
T = S 1 A G m (see [26, 19J). There are various equivalent definitions of the theory, 
one of which is given by (S 1 , G m )-bispectra. In our context the role of the motivic 
space G m plays a = (t — l)/c[t ±:L ]. Its simplicial functor r(a) is denoted by G. In 
this section we define the stable category of (S 1 , G)-bispectra and construct an explicit 
fibrant replacement of the (S , G)-bispectrum Sg'S^rA of an algebra A. One can as 
well define a Quillen equivalent category of T-spectra, where T = S 1 A G, and compute 
an explicit fibrant replacement for the T-spectrum of an algebra. However we prefer 
to work with (S 1 , G)-bispectra rather than T-spectra in order to study X-motives of 
algebras in terms of associated (S , G)-bispectra (see the next section). 

Throughout the section we assume that !R is a small tensor closed and T-closed ad- 
missible category of /c-algebras. We have that a A := A ® a £ K for all A € 9?. 

Recall that C/.^j is a monoidal model category. It follows from [181 6.3] that Sp(JSt) 
is a [/.iR^j-model category. In particular 

- <g> G : 5p(») -> 5p(5R) 

is a left Quillen endofunctor. 

By definition, a (S 1 , G) -bispectrum or bispectrum £ is given by a sequence (Eq, E%, . . .), 
where each Ej is a S^-spectrum of Sp($i), together with bonding morphisms e n : E n A 
G — > E n+ i. Maps are sequences of maps in SpQR) respecting the bonding morphisms. 
We denote the category of bispectra by Spaffi). It can be regarded as the category of 
G-spectra on Sp(JR.) in the sense of Hovey [18] . 

Sp<s(JR.) is equipped with the stable f/.lft^j-model structure in which weak equiva- 
lences are defined by means of bigraded homotopy groups. The bispectrum object £ 
determines a sequence of maps of 5 1 -spectra 

Eq ^> QqEi — ^> QqE2 —>••-• 

where is the functor Hom(G, — ) and e n -s are adjoint to the structure maps of £. We 
define ir p q £ in ^4-sections as the colimit 

colim ; (Hom^ sl(;R) (5^,^J^(^)) ^ ^om SHsim (S^,^ G +l+1 JE l+1 (A)) ->•") 

once £ has been replaced up to levelwise equivalence by a levelwise fibrant object J£ 
so that the "loop" constructions make sense. We shall also refer to homotopy 
groups of weight q. 

By definition, a map of bispectra is a weak equivalence in Sp&(jR.) if it induces an iso- 
morphism on bigraded homotopy groups. We denote the homotopy category of Sp&($t) 
by SHgi G ($t). It is a compactly generated triangulated category. 

In order to define the main (S , G)-bispectrum of this section, denoted by KG(^4, — ), 
we should first establish some facts for algebra homomorphisms. 

Suppose A, C £ then one has a commutative diagram 

J (A ® C)> »- T(A ® C) A®C 

1A,C 

J A ® C> T(A) <g> C^-A® C 
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in which 7a, c is uniquely determined by the split monomorphism i& ® C : A (g) C — > 
T{A)®C. 

One sets ^ac := ^A®c- We construct inductively 

-y\ c : J n (A®C) ^ J n (A)®C, n > 1. 
Namely, 7^"^ is the composite 

J n+1 (^ ® C) JW ' c) > J(J n (,4) ® C) J n+1 (A) ® C. 

Given n ^ we define a map 

t„ = t£' c : IC(J n A,-) -> /C(J n (A® C),- OCT) = Hom(rC, /C(J n (A ® C), -)) 

as follows. Let 5 G K and (a : J n+m A -> M(Q m )) G IC{J n A,B). We set t n (a) e 
/C( J n {A ® C), £ ® C) to be the composite 

J" +m (A C) J" +m (>l) ® C ^> B A (ft m ) tg> C = (B ® C) A (O m ). 

Here r is a canonical isomorphism (see [31 3.1.3]) and (B® C) A stands for the simplicial 
ind-algebra 

[m, t\ h-> Hom§(sd m A / , (5 ® C) A ) = (5 ® C) sdm A ' fe sdm A ' ® (S ® C). 
One has to verify that i n is consistent with maps 

Horned {J n+rn A,M A (n m )) 4 Hom Alg i, ld (J n+m+1 A,B A (O m+1 )). 
More precisely, we must show that the map 



> J(J n+m A®C) ^"^> J(B zi (fi m )®C) ^ J((B®C) A (H m )) (B®C) zi (n m+i ) 



J n+m+1 (A®C) 
is equal to the map 

n + m + l 

r +m+ \A®C) > J n+m+1 A®C J(B A (fi m ))®C ^> M A {Q m+1 )<s>C S (B®C) A (fi m+1 ). 

The desired property follows from commutativity of the diagram 

J n+m+l (A®C) 

J(72+o m ) ( 

TJ n+m A ® C ^ J n +"M <8) C 



J( J n+ "M <g> C) -*■ J n + m + l A ® C>- 



J(a®l) 

A (0 m ) (8>C) 



A (ft m ) (8>C) 



J((B®C) A (ft m )) ( 



J(a)®l 

J(B A (O m )) ® C> » T(M A {U m )) ® c ■ 

- B A (ft m+1 ) ® C7> P(B A (fi m )) ® C 



a®l 



» A (0 m ) ® c 



« A (0 m ) ® c 



A (n m + 1 w 



C) A (^ m ) — (B ® C) A (0 m ) 



We see that t n is well defined. We claim that the collection of maps (tn)n defines a map 
of S^-spectra 

t : K(A, B) -> K{A ®C,B®C). 
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We have to check that for each n the diagram 

K{J n A, B) = mC(J n+1 A, B) 

K(J n (A ®C),B®C) MC(J n+1 (A ®C),B®C) 

is commutative. But this directly follows from the definition of the horizontal maps and 
arguments above made for t n -s. 

If we replace C by a we get that the array 



K(a 2 A,B): K(a 2 A,B) K(Jo 2 A,B) K{J 2 a 2 A,B) 

K{aA,B): K(ctA,B) K(J(tA,B) K{J 2 cjA,B) 

K(A, B) : !C(A,B) K(JA,B) K{J 2 A,B) 

together with structure maps 

K(a n A, -) ® G -> K(a n+1 A, -) 

defined as adjoint maps to 

t : K{a n A, -) -> Hom(G, K(<j n+1 A, -)) 

form a (S 1 , G)-bispectrum, which we denote by KG(A, — ). 
There is a natural map of (S , G)-bispectra 

T:?ygE 00 rA->KG(A,-), 

where Z™Z°°rA is the (5 1 , G)-bispectr um represented by the array 



£°°rA®G 2 : rA g) G 2 (= r(cr 2 A)) (rA A S 1 ) G 2 r(cr 2 A) A S 1 ) 
£°°rA®G: rA(£)G (= r{aA)) {rA A S 1 ) <8> G (= r(aA) A 5" 1 ) 

£°°rA : r A A S 1 

with obvious structure maps. 
By Theorem 14.21 each map 

T„ : £°°rA ® G n -> KG(A, -)„ = K(cr n A, -) 
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is a stable weak equivalence in SpQR). By each K(er n >l, — ) is a fibrant object in 
SpQft). For each n^Owe set, 

6^KG(A, -)„ = colim(K(a n A, -) % K(a n+1 A, -0a) K(a n+2 A, -®o 2 ) -+■■■) 

By specializing a collection of results in |18|. section 4] to our setting we have that 
Bo > lfCG(j4, — ) is a fibrant bispectrum and the natural map 

j : KG(A, -) Q%KG{A, -) 

is a weak equivalence in Sp&($i). 

We have thus shown that O^IfCG(j4, — ) is an explicit fibrant replacement for the 
bispectrum S^S^rA of the algebra A. Denote by K7{A,B) the (0,0)-space of the 
bispectrum OjgPKG^, B). It is, by construction, the colimit 

colim„/C( ( r n ^,CT n 5). 

Its homotopy groups will be denoted by 1C°(A, B), n ^ 0. 

Theorem 8.1. Let A be an algebra in 3ft; then the composite map 

joT: S^S^rA -»■ 6^ICG(^, -) 

is a fibrant replacement o/Sg D S 00 ryl. In particular, 

SH sltG (Z^rB,Z^rA) = K%(A,B) 

for all 5G». 

Remark. Let SH(F) be the motivic stable homotopy theory over a field F. The 
category SH s i shares a lot of common properties with SH(F). To the author 
knowledge computation of SH(F)(Y,™ t X + ,Y;™ 1 Y + ), where X, Y G Sm/F, as well as 
an explicit construction of a fibrant replacement for is a very hard problem in 

A 1 -topology. 

Let F be an algebraically closed field of characteristic zero with an embedding F ^ C 
and SH be the stable homotopy category of ordinary spectra. Let c : SH — > SH(F) 
be the functor induced by sending a space to the constant presheaf of spaces on Sm/F. 
Levine [21] has recently shown that c is fully faithful. This is in fact implied by a result 
of Levine [21] saying that the Betti realization functor in the sense of Ayoub [lj 

Re B ■ SH(F) -> SH 

gives an isomorphism 

ReB* ■ n n> oS F (F) ->■ ir n (S) 
for all neZ. Here Sf is the motivic sphere spectrum in SH(F) and S is the classical 
sphere spectrum in SH. These results use recent developments for the spectral sequence 
associated with the slice filtration of the motivic sphere Sf- 
All this justifies to raise the following 

Questions. (1) Is there an admissible category of commutative algebras 5? over the field 
of complex numbers C such that the natural functor 

c:SH^ SHgiptfl), 

induced by the functor § — )• U^R. sending a simplicial set to the constant simplicial functor 
on M, is fully faithful? 
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(2) Let K be an admissible category of commutative C-algebras and let Sq be the 
bispectrum S^S^rC. Is it true that the homotopy groups of weight zero ir n oSc(C) = 
/C^(C,C), n ^ ; are isomorphic to the stable homotopy groups Tr n (S) of the classical 
sphere spectrum? 

We should also mention that one can define (S , G)-bispectra by starting at the 
monoidal category of symmetric spectra Sp E (!ft) associated with monoidal category 
f/.(9£)/,j and then stabilize the left Quillen functor - ® G : Sp E (D?) -> SpF(3t). One 
produces the model category Sp^QR) of (usual, non-symmetric) G-spectra in Sp s (5ft). 
Using Hovey's [18] notation, one has, by definition, Sp^^R) = — (g> G). 

There is a Quillen equivalence 

V : 5p(3?) : U 

as well as a Quillen equivalence 

U : S PG (K) ±5 : C/, 

where £/ is the forgetful functor (see |18|, 5.7]). 

If we denote by SH^^ft) and SH^ G (3?) the homotopy categories of Sp^QR) and 

5^(9?) respectively, then one has equivalences of categories 

V : SHgitft) ±5 SH^tft) : U 

and 

We refer the interested reader to [18|. [19] for further details. 

9. if -MOTIVES AND (S 1 , G)-BISPECTRA 

We prove in this section that the triangulated category of if -motives is fully faithfully 
embedded into the stable homotopy category of (S 1 , G)-bispectra SH s i In partic- 

ular, the triangulated category kk(JR) of Cortihas-Thom [3] is fully faithfully embedded 
into SH s i G (3l) by means of a contravariant functor. As an application we construct 
an explicit fibrant (S* 1 , G)-bispectrum representing homotopy if -theory in the sense of 
Weibel [28]. 

Throughout this section we assume that 3? is a small tensor closed, T-, T- and To-closed 
admissible category of ^-algebras. It follows that a A, HA, M^A £ 5ft for all A 6 !ft. 
Let Sp^^^R) denote the model category of (usual, non-symmetric) G-spectra in 

Sp£,(&). Using Hovey's notation [18J Sj£ i6 (») = Sp* - <g> G). 

Proposition 9.1. T/ie functor 

and the canonical functor 

are left Quillen equivalences. 
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Proof. We first observe that — ® G is a left Quillen equivalence on Sp^QR) if and only 
if so is — 55 E°°G. By [31 section 4] there is an extension 

M^k ^ t ^ a. 

It follows from 7.3.2] that £°°(r(T )) = in DK(R), and hence S°°(r(ro)) is weakly 
equivalent to zero in Sp^^R). 

The extension above yields therefore a zig-zag of weak equivalences between cofibrant 
objects in Sp^{?R) from S 00 (r(M 00 A:)) to SVGAS' 1 . Since S 00 (r(M 00 fc)) is weakly equiv- 
alent to the monoidal unit £°°(r(fc)), we see that S°°(r(A;)) is zig-zag weakly equivalent 
to (S°°G) A S* 1 in the category of cofibrant objects in 

Since T,°°(r(k)) is a monoidal unit in Sp^^), then — <g> T,°°(r(k)) is a left Quillen 
equivalence on Sp^^R), and hence so is — ® ((E°°G) A But — A 5 1 is a left Quillen 
equivalence on Sp^QR). Therefore — (g>£°°G is a left Quillen equivalence by [HI 1.3.15]. 

The fact that the canonical functor 

F , G : Sp^(R) -> 5^ )G (5ft) 
is a left Quillen equivalence now follows from |18|. 5.1]. □ 

Denote the homotopy category of Sp^ q(3?) by ST^^K). 
Corollary 9.2. T/ie canonical functor 

F 0>G = : DK(U) -»• 5ff§~(3fi) 
zs an equivalence of triangulated categories. 

Recall that 5p^(3?) is Bousfield localization of Sp (JR.) with respect to 
{^(rCMooil)) -»• F s (rA) \ A G 3?, s > 0}. 
It follows that the induced triangulated functor 

DK(R.) -> S#fi(») 

is fully faithful. 

In a similar fashion, can be obtained from 5^(3?) by Bousfield localization 

with respect to 

{iMWMooA))) -> ^(^M)) I i e !R,fc,s > 0}. 
We summarize all of this together with Proposition 19.11 as follows. 
Theorem 9.3. There is an adjoint pair of triangulated functors 

$ : SH^ lfi {?R) ±5 : * 

suc/i f/mf $ zs fully faithful. Moreover, T = Ker<3? is the localizing subcategory of 
SH^ 1G (pt) generated by compact objects 

{cone(F feiG (F s (r(M 00 ,4))) -> F fe)G (F s (rA))) | A G 

and DK(JR) is triangle equivalent to SH^ G (5J)/7~. 

Corollary 9.4. There is a contravariant fully faithful triangulated functor 

kk(K) -)• SH s i iG (X). 

Proof. This follows from Theorems 17.41 and 19.31 □ 
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Let Spoofiffi) denote the model category of G-spectra in Sp^ffi). Using Hovey's 
notation [18] Spoo,g(^) = Sp M (Sp 00 (^R), — ®G). As above, there is a Quillen equivalence 

V : 5 Poo , G (K) ^ Sp= >G (K) : U, 

where U is the forgetful functor. It induces an equivalence of triangulated categories 

V : SfT|S >G (») ^ ^~(») : [/, 

where the left hand side is the homotopy category of 5poo,g(^)- 

Given an algebra A € consider a (S 1 , G)-bispectrum KG S *(A, — ) which we define 
at each B € as 

colim n (KG(A B) -> KG(A, M^A; <g> B)) -> KG(A, M^/c ® J3) ) 
It can also be presented as the array 



K st (a 2 A,B): K st {a 2 A,B) K st {Ja 2 A,B) !C st (J 2 a 2 A, B) 

K st (aA,B): K st {aA,B) IC st (JaA,B) IC st (J 2 aA,B) 

K st (A,B): JC st (A,B) JC st (JA,B) IC st (J 2 A,B) 

It follows from Theorem 16.11 that the canonical map of bispectra 

S^E°°rA -> KG st (A, -) 

is a level weak equivalence in Spoofiffi)- If we define 0g ) KG s *(A, — ) similar to the 
bispectrum @g > ]KG(A, — ), then the canonical map 

j : KG st (A, -) -> e%KG 8t (A, -) 

is a stable equivalence of bispectra. 

The following result says that the bispectrum KG S *(^4, — ) is (2, l)-periodic and rep- 
resents stable algebraic Kasparov if -theory (cf. [SSJ 6.8-6.9]). 

Theorem 9.5. For any algebras A,B € and any integers p, q there is an isomorphism 
of abelian groups 

^(KG^A B)) * Rom SHsl Gm (^^rB ® ® G", KG s *(yl, -)) * K^A, B). 
In particular, 

7r m (KG st (A,B)) * Tr p+2 , q+1 (KG st (A,B)). 

Proof. As we have shown above, the bispectrum SgE^ri is level weak equivalent to 
KG s( (i, -) in Spoo,G(»). Therefore, 

7T Pi9 (KG s *(A,B)) ^HomsHoo m (^Z°°rB ® S p ~ 9 ® G 9 , S^S°°r^). 
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Corollary 19.21 implies that the right hand side is isomorphic to DK(R)(Mk(B) <8> S p q ® 
G q ,M K (A)). On the other hand, 

DK(^)(M K (B) ® S p - q ® G 9 , Afjf (A)) = DK(R)(M K {B) ® S p_29 ® ® G 9 , Mjf(A)). 

The proof of Proposition 19.11 shows that S°°(S' 1 ® G) is isomorphic to the monoidal unit. 
Therefore, 

DK(^)(M K {B) ® 5 p " 2g ® 5" ® G 9 , M K (A)) ^ DK{3t){M K {B)\p - 2q),M K (A)). 
Our statement now follows from Theorem 17.21 □ 

The next statement says that the bispectrum K.G st (k, B) gives a model for homotopy 
if-theory in the sense of Weibel [28] (cf. [261 6.9]). 

Corollary 9.6. For any algebra B € K and any integers p, q there is an isomorphism 
of abelian groups 

K pA (K& st (k,B)) = KH p -2q{B). 
Proof. This follows from the preceding theorem and 9.11]. □ 
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